The extended Hubbard model in the zero-bandwidth limit is studied. The effective Hamiltonian consists of (i) on-site U interaction and intersite (ii) density-density interaction W and (iii) Isinglike magnetic exchange interaction J (between the nearest-neighbors). We present rigorous (and analytical) results obtained within the transfer-matrix method for 1D-chain in two particular cases: (a) W = 0 and n = 1; (b) U → +∞ and n = 1/2 (W = 0, J = 0). We obtain the exact formulas for the partition functions which enables to calculate thermodynamic properties such as entropy, specific heat (c), and double occupancy per site. In both cases the system exhibits an interesting temperature dependence of c involving a characteristic two-peak structure. There are no phase transitions at finite temperatures and the only transitions occur in the ground state. 
I. INTRODUCTION
The interplay between density-density and magnetic interactions is relevant to a broad range of important materials such as manganites, multiferroics, organics, and other strongly correlated electron systems [1] [2] [3] [4] [5] [6] [7] [8] [9] .
In this paper we present some exact results obtained within transfer matrix method for the zero-bandwidth extended Hubbard model with density-density and Isinglike magnetic interactions on the one dimensional chain (d = 1). The 1D-Hamiltonian considered has a form
Un i↑ni↓ + Wn ini+1 − 4Jŝ z iŝ z i+1 − µn i , (1) whereĉ + iσ denotes the creation operator of an electron with spin σ (σ =↑, ↓) at site i,n iσ =ĉ + iσĉ iσ ,n i = σn iσ , andŝ z i = (1/2)(n i↑ −n i↓ ). i + 1 is the nearest neighbor of the i-site in the chosen direction (from two possible directions in a chain). We assume the periodic boundary conditions, i.e. n L+1σ = n 1σ , where L is a number of sites in the chain and n iσ = n iσ . J 0 = zJ, where z = 2 is a number of the nearest neighbors.
All the terms of Hamiltonian (1) commute with one another and are diagonal in the representation of occupancy numbers. It is convenient to use the transfer matrix method [10] to find the grand partition function Z. * corresponding author; e-mail:konrad.kapcia@amu.edu.pl Hamiltonian (1) can be treated as a simple effective model of insulators, in which interactions U , W and J are assumed to include all the possible contributions and renormalizations. Notice that ferromagnetic (J > 0) interactions are simply mapped onto the antiferromagnetic ones (J < 0) by redefining the spin direction on one sublattice in lattices decomposed into two interpenetrating sublattices. Thus, we restrict ourselves to a case of J > 0.
Exact solutions of model (1) for some particular cases have been obtained for the one-dimensional case (T ≥ 0) employing the method based on the equations of motion and Green's function formalism [11] [12] [13] or the transfermatrix method [14] [15] [16] [17] . Extensive mean-field studies (exact result in d → +∞) [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] and some Monte Carlo simulations (d = 2) [28] [29] [30] of model (1) have been also performed. Moreover, the exact ground state (T = 0) results have been found for 2 ≤ d < +∞ [31] [32] [33] [34] .
We present rigorous results for partition functions obtained within the transfer-matrix method for onedimensional model (1) in two particular cases: (a) W = 0 and n = 1; (b) U → +∞ and n = 1/2 (W = 0, J = 0).
II. RESULTS AND DISCUSSION
(a) For the case of W = 0, a typical element of the transfer matrix for model (1) is defined as where |n i↑ n i↓ ∈ {|00 , |01 , |10 , |11 } denotes a singlesite state at site i, β = 1/(k B T ) is the inverse temperature and k B is the Boltzmann constant. One obtains 16 matrix elements and the problem is reduced to diagonalization of the matrixP of the form
where x 0 = exp(βµ/2), u 0 = exp(−βU/2) and m 0 = exp(βJ 0 /2). One can show that three eigenvalues ofP (λ l , l = 1, 2, 3) are roots of a cubic equation:
where x = x 2 0 and u = u 2 0 , while λ 4 = 0. So far the number N of particles in the chain has not been specified. It can be done in a standard way by solving the following equation: N = − (∂Ω/∂µ) β , where Ω is the grand canonical potential, Ω = −k B T ln Z. In the thermodynamic limit L → ∞ the grand sum of states Z is derived as Z = λ L M , where λ M is the maximum eigenvalue ofP (assumed to be nondegenerate). Therefore, the equation for N can be rewritten as ∂λ M /∂x = nλ M /x, where n = N/L is electron density in a system.
In the case of half-filling (n = 1), the condition for N can be solved analytically for arbitrary U and in such a case the chemical potential is derived as µ = U/2 and λ M takes the form
where
(b) The limit U → +∞ corresponds to the subspace where the double occupancy of sites is excluded (by electrons for n < 1 or holes for n > 1). For this case the transfer matrix elements for model (1) are defined as
where |n i↑ n i↓ ∈ {|00 , |01 , |10 } denotes a single-site state at site i in the limit U → +∞. Therefore, in this case the matrixŘ has the following form
where x 0 = exp(βµ/2), w 0 = exp(−βW 0 /2) and m 0 = exp(βJ 0 /2).
The eigenvalues ofP are roots λ l (l = 1, 2, 3) of the following cubic equation: One finds that µ = W 0 /2 − k B T ln [2 cosh (βJ 0 /2)], and λ M is derived
The knowledge of explicit form of the sum of states Z allows us to obtain thermodynamic characteristics of the One can observe that the system exhibits an interesting temperature dependence of c involving a characteristic two-peak structure for some values of model parameters in the cases analyzed. In both cases considered above there are no phase transitions at finite temperatures (in the agreement with Mermin-Wagner theorem [35] ) and the only transitions can occur in the ground state.
A. The case of W = 0 and n = 1.
For large U/J 0 c exhibit two peak structure, whereas for U 6 peaks merge and there is a single peak in Tdependence of c (labeled as T 1 + T 2 , cf. Fig. 1 ). For −1 < U/J 0 −0.9 two peaks of c appear again. The broad one (at higher temperature T 1 ) is connected with continuous changes in short-range charge on-site ordering (associated with U term). The narrow one (at lower temperature T 2 < T 1 ) is connected with shortrange intersite magnetic ordering (J term). With decreasing of U/J 0 their locations move towards lower temperatures. If U/J 0 < −1 the single maximum of c (connected with short-range on-site ordering) exists only and it moves toward higher temperatures with increasing of |U |/J 0 . In the limit U → +∞ (n = 1) the specific heat exhibits a single peak described by
, which corresponds to 1D-Ising model in the absence of magnetic field (the peak connected with on-site ordering is "located" at T 1 → +∞). The divergence of c at U/J 0 → −1 and T 2 → 0 indicates that the first-order transition occurs between the nonordered state of double occupied sites (γ = 0) and the ferromagnetic homogeneous phase (stable for U/J 0 > −1), where all sites are singly occupied (γ = 1/2). One can derive the same conclusion of T = 0 properties of the system from a behavior of the entropy s. For U/J 0 > −1 the system is magnetically ordered withs(0) = 0 (a number of states is g = 2, s = k Bs = (k B /L) ln g). For U/J 0 < −1 the system consists of nonordered on-site electron pairs ands(0) = ln 2 (g = 2 L ). At U/J 0 → −1s(0) = ln 2. Notice that in the limit T → ∞ the entropys → 2 ln 2 for any U/J 0 .
Our results for W = 0 and n = 1 are in an agreement with the results of Ref. [11] obtained using the Green's function formalism, whereas the numerical analyses of (4) and the condition for N (for arbitrary n or µ) should be consistent with the results of Ref. [13] .
B. The case of n = 1/2 for U → +∞.
At T = 0 for W/J = 1 the transition between the homogeneous charge-ordered (CO) phase (for W/J > 1) and phase separated (PS) state occurs, cf. also Ref. [24] . For W/J < 1 the system is divided into two equal-sized domains: one ferromagnetically ordered completely filled by electrons (n = 1) and the other empty (n = 0). The behavior of c at T > 0 is very similar to that discussed in the previous case (simplifying, for qualitative discussion only U/J 0 ↔ −W/J replacement is needed, shortrange charge order peak in c is associated with W term). In the limit W/J → −∞ c exhibits a single maximum described by the characteristic dependence for 1D-Ising model, but in such a case the specific heat c * of the system is 2 times smaller than the result c
Is obtained in a case of n = 1, W = 0 (c * = c Is /2). It can be derived that at T = 0: (i) for W/J > 1:s(0) = (1/2) ln 2 (the CO phase, g = 2 (L/2+1) ) and (ii) for W/J < 1:s(0) = 0 (the PS:F/NO state, g = 2L). If W = J the ground state is highly degenerated ands(0) = ln(1 + √ 2) (cf. Fig. 2 ). In the limit T → ∞ the entropys → (3/2) ln 2.
The detailed discussion of thermodynamic properties of one-dimensional model (1) in a general case will be the subject of a subsequent paper. 
